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Abstract
Following recent work on the quantum Hall effect on S4, we solve the Landau problem on
the complex projective spaces CP k and discuss quantum Hall states for such spaces. Unlike
the case of S4, a finite spatial density can be obtained with a finite number of internal states
for each particle. We treat the case of CP 2 in some detail considering both Abelian and
nonabelian background fields. The wavefunctions are obtained and incompressibility of the
Hall states is shown. The case of CP 3 is related to the case of S4.
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1. Introduction
There has appeared recently an interesting extension of the quantum Hall effect (QHE)
to (4+1) dimensions. Hu and Zhang analyzed the Landau problem of charged particles
moving on S4 in the background of an SU(2) instanton field [1]. The particles are in some
definite representation of this SU(2) gauge group. In considering the many-body problem of
N fermionic such particles, it was found in [1] that in order to obtain a reasonable thermo-
dynamic limit with a finite spatial density of particles, one has to consider very large SU(2)
representations. Each particle is then endowed with an infinite number of SU(2) internal de-
grees of freedom. This feature becomes problematic when one analyzes the edge excitations.
It is well known that the edge excitations of a quantum Hall droplet in (2+1) dimensions are
described by a massless scalar field. In analogy with this, one expects the edge excitations of
the (4+1)-dimensional droplet to give higher spin massless fields, in particular the graviton,
and may provide an approach to the quantum description of a graviton. The anlysis in [1]
though shows that the spectrum of edge excitations contains massless particles of all values
of spin, rather than just up to spin 2. This is related to the infinite SU(2) degrees of freedom.
In this paper, we present another higher dimensional generalization of the QHE, which
avoids this feature of infinite number of internal degrees of freedom. We consider charged
particles moving on CP 2, a topologically nontrivial, compact four-dimensional space, in the
background of U(1) and SU(2) gauge fields. We show that in the thermodynamic limit, it is
possible to obtain droplet configurations of finite density and finite SU(2) degrees of freedom.
The latter would avoid the problem of arbitrarily high spin edge excitations. Similar results
are derived for higher even dimensional manifolds CP k.
2. QHE on the two-dimensional sphere or CP 1
We first review the well known case of the QHE on CP 1 or S2 with a constant background
magnetic field [2], which can be thought of as due to a magnetic monopole at the origin if the
sphere is embedded in three-dimensional Euclidean space in the usual way. Our emphasis is
on a group theoretic analysis which can be easily generalized to higher dimensional cases.
CP 1 can be parametrized by two complex coordinates uα, such that
u∗αuα = 1 (1)
with the identification uα ∼ eiθuα. A point xi on S2 with radius r is written in terms of uα’s
as
xi = r u†σiu (2)
where σi are the Pauli matrices.
CP 1 can be mapped to the two-dimensional flat Euclidean space by the standard stere-
ographical mapping
u =
1√
1 + zz¯
(
1
z
)
(3)
where z = (x+ iy)/r.
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The vector potential on the sphere is
A = −i n u∗αduα (4)
where n is an integer due to the Dirac quantization rule. Since∫
F = 2πn (5)
where F = dA, n is related to the magnetic field B as
n = 2Br2 (6)
Wavefunctions restricted to CP 1 with this magnetic field, are such that DΨ = (∂− iA)Ψ
is gauge covariant under u→ eiθu. This implies that the wavefunctions have the form
Ψ(u, u∗) ∼ uα1 ...uαpu∗β1...u∗βq (7)
where p− q = n.
SU(2) rotations of u, u† are of the form u → hu, u† → u†h−1, where h ∈ SU(2). The
generator of this transformation is
Li =
1
2
[
uβσ
i
αβ
∂
∂uα
− u∗ασiαβ
∂
∂u∗β
]
(8)
xi in (2) transforms as a vector under this transformation, so Li are the angular momentum
operators and satisfy the SU(2) algebra
[Li, Lj ] = −iǫijkLk (9)
(The extra minus sign on the r.h.s of (9) is consistent with the usual angular momentum
algebra; in making comparisons we identify uα = 〈α|u〉.)
In writing down the Hamiltonian, we have to identify the covariant derivatives on S2. In
order to do this, it is useful to work with the coset representation
CP 1 = S2 =
SU(2)
U(1)
(10)
This relation shows that functions on S2 can be thought of as functions of SU(2) which
are invariant under the U(1) subgroup. Since a basis of functions for SU(2) is given by the
Wigner D-functions, a basis for functions on S2 is given by the SU(2) Wigner functions
D(j)L3R3(g), with trivial right action of U(1), in other words, the U(1)R-charge R3 = 0. In
this language, derivatives on S2 can be identified as SU(2) right rotations on g (denoted by
SU(2)R) satisfying an SU(2) algebra
[R+, R−] = 2 R3 (11)
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where R± = R1 ± R2. Ri’s are dimensionless quantities. The dimensional covariant deriva-
tives are
D± = i
R±
r
(12)
In the presence of the magnetic monopole, the commutator of the covariant derivatives is
related to the magnetic field, in other words, we need [D+, D−] = −2B. From (6) and (11),
we see that this fixes R3 to be half the monopole number n. Therefore the wavefunctions
on S2 with the magnetic field background are of the form D(j)L3 n2 (g). (The Dirac quantization
rule is seen from this point of view as related to the quantization of angular momentum, as
first noted by Saha [3].)
The angular momentum operators Li generate left rotations on g. Since the left and right
SU(2)-actions on g are independent, the operators Di and Li are mutually commuting
[Di, Lj ] = 0 (13)
The Li are the magnetic translations on the sphere, commuting with the covariant derivatives
and leading to the degeneracy of the Landau levels. Since the wavefunctions are of the form
D(j)L3 n2 (g), with the same j-value for left and right actions, we see that
∑3
i=1R
2
i =
∑3
i=1 L
2
i =
j(j + 1).
We can now write down the Hamiltonian
H = − 1
4M
(D+D− +D−D+)
=
1
2Mr2
(
3∑
i=1
R2i − R23)
=
1
2Mr2
(
3∑
i=1
L2i −
n2
4
) (14)
where M is the particle mass. For the eigenvalue 1
2
n to occur as one of the possible values
for R3, so that we can form D(j)L3 n2 (g), we need j =
1
2
n + q, q = 0, 1, ... Since L2 = j(j + 1),
the energy eigenvalues are
Eq =
1
2Mr2
[
(1
2
n+ q)(1
2
n+ q + 1)− n
2
4
]
=
B
2M
(2q + 1) +
q(q + 1)
2Mr2
(15)
The integer q plays the role of the Landau level index. The lowest Landau level (LLL) or the
ground state has energy B/2M and the states q > 0 are separated by a finite energy gap.
The degeneracy of the q-th Landau level is 2j + 1 = n + 1 + 2q. In the limit r → ∞, the
planar image of the sphere under the stereographic map becomes flat and so this corresponds
to the standard planar Landau problem. We see that as r →∞, (15) reproduces the known
planar result for the energy eigenvalues and the degeneracy.
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In order to derive the wavefunctions, we need the explicit representation of R+, R− as
differential operators. For this, one can use the following parametrization of g in terms of
the complex coordinates u.
g =
(
u∗2 u1
−u∗1 u2
)
(16)
A U(1)R-rotation leaves the point corresponding to g on CP
1 invariant, because of the
identification uα ∼ eiθuα. The remaining generators of the SU(2) right rotations are easily
identified as
R− = ǫαβu
∗
α
∂
∂uβ
R+ = −ǫαβuα ∂
∂u∗β
(17)
Here we are differentiating as if all components of uα, u
∗
α are independent; the fact that they
are not is immaterial since Ri preserve the constraint u
∗
αuα = 1. With the operators given
above, one can easily check that on the wavefunctions (7)
[R+, R−]Ψ = (uα
∂
∂uα
− u∗α
∂
∂u∗α
)Ψ = nΨ (18)
We now consider the many-body fermion problem by restricting the fermions to the LLL
level. In this case, j = 1
2
n, R3 =
1
2
n, so that we have the highest weight state for the right
action of SU(2). The LLL condition is thus R+Ψ = 0, with the solution
ΨA = Ψα1α2···αn = uα1uα2 · · ·uαn (19)
This has degeneracy n + 1, so that when the filling fraction is 1 with all states occupied,
we have N = n + 1 fermions. In (19), A is a composite index taking n + 1 values. The
many-fermion wavefunction is the Slater determinant given as
ΨN = ǫ
A1A2···ANΨA1(u
(1))ΨA2(u
(2)) · · ·ΨAN (u(N)) (20)
We write u(i)α for the positions of the particles, i = 1, 2, · · · , N . The product ǫαβu(i)α u(j)β
is SU(2) invariant and antisymmetric under i ↔ j. The Slater determinant will involve
N = n+1 particle labels, the u(i) corresponding to each particle (for each i) should occur n
times. Combined with antisymmetry, this gives
ΨN(u
(i)
α ) ∼
∏
i<j
ǫαβu
(i)
α u
(j)
β (21)
In the thermodynamic limit, N → ∞, n → ∞, this corresponds to a configuration of
constant density, ρ = N/4πr2 which tends to B/2π in the planar limit r →∞.
The two-point function for the density is also of some interest and can be easily calculated.
If we take Ψ∗NΨN and integrate over all particle positions except two, we find∫
dµ(3, 4, · · · , N) Ψ∗NΨN ∼ |Ψ(1)|2 |Ψ(2)|2 − |Ψ∗(1)A Ψ(2)A |2 (22)
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where dµ(3, 4, · · · , N) is the measure of integration for the positions of particles 3, 4, · · · , N .
dµ goes like dzdz¯/(1 + z¯z)2 for each particle, but the precise nature of this is irrelevant for
this calculation. With z = (x+ iy)/r and n = 2Br2, we get, as r →∞,
∫
dµ(3, 4, · · · , N) Ψ∗NΨN ∼ 1 −
[
(1 + z¯1z2)(1 + z¯2z1)
(1 + z¯1z1)(1 + z¯2z2)
]n
≈ 1 − exp
[
−2B|~x1 − ~x2|2
]
(23)
This shows that the two-point function for the density approaches the constant value 1 at
separations large compared to the magnetic length. The probability of finding two particles
at the same point is zero, as expected.
Result (23) is an expression of incompressibility [4]. One can also define Laughlin wave-
functions [5] of fractional filling ν = 1/(2l + 1). They are of the form
Ψ
(2l+1)
N =

∏
i<j
ǫαβu
(i)
α u
(j)
β


2l+1
(24)
where (N − 1)(2l + 1) = n. Since ~Ltot = ∑Nk=1 ~L(k) commutes with the factor ǫαβu(i)α u(j)β ,
~LtotΨ
(2l+1)
N = 0, which implies that the wavefunction is translationally and rotationally in-
variant [2] and therefore it corresponds to a configuration of constant density ρ = N/4πr2 →
B/[2π(2l + 1)].
3. QHE on CP 2
In this section we shall extend the previous analysis toCP 2. This space can be parametrized
by three complex coordinates uα, such that u
∗
αuα = 1 with the identification u ∼ eiθu.
In analyzing the Landau problem on CP 2 we use the fact that CP 2 can be written as a
group coset space
CP 2 =
SU(3)
U(2)
∼ SU(3)
U(1)× SU(2) (25)
In this case, we can choose background magnetic fields which are U(1) and/or SU(2) gauge
fields. We shall first consider the case of a background U(1) field. Functions on CP 2 can be
obtained from the Wigner functions for SU(3), namely,
f(g) ∼ D(p,q)L,L3,YL;R,R3,YR(g) (26)
where g is an SU(3) group element. The irreducible representations of SU(3) can be labelled
by two integers (p, q), corresponding to a tensor of the form T
α1α2···αq
β1β2···βp
which is symmetric in
all upper indices, symmetric in all lower indices and traceless for any contraction between
upper and lower indices. (Each index takes values 1, 2, 3.) Li, Ri, i = 1, 2, 3 are the left, right
SU(2) generators, with LiLi = L(L+1), RiRi = R(R+1), and Y is the hypercharge operator.
As before, derivatives on CP 2 can be identified as the SU(3)R-rotations Ri, i = 4, 5, 6, 7.
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For ordinary functions on CP 2 we must have singlets under the Ri of SU(2)R and also zero
charge for the U(1)R. In other words, R = 0 and YR = 0. With a background field along
the U(1) direction, the wavefunctions are singlets under the subgroup SU(2)R and carry
nontrivial U(1)R charge. This can be expressed as
Ri = 0 i = 1, 2, 3
R8 =
√
3
2
YR = −(p− q)√
3
= − n√
3
(27)
The normalization used for R8 corresponds to
t8 =
1
2
√
3

 1 0 00 1 0
0 0 −2

 (28)
We have chosen the normalization of the generators as Tr(tatb) = 1
2
δab for the fundamental
representation.
The analogue of the angular momentum operators Li, i = 1, .., 8 generate left rotations,
as a result they commute with the derivative operators on CP 2.
Following the steps that led to (14, 15), we find that the energy eigenvalues of a charged
particle on CP 2 in the presence of this background field are
E =
1
2Mr2
7∑
i=4
R2i =
1
2Mr2
[
8∑
i=1
R2i −R28
]
=
1
2Mr2
[
C2(p, q)− R28
]
(29)
where r is a dimensional scale parameter related to the volume of CP 2 which is 8π2r4.
C2(p, q) is the quadratic Casimir of the (p, q) representation. It is easily calculated as
C2(p, q) =
1
3
[p(p+ 3) + q(q + 3) + pq] (30)
The energy eigenvalues can be written in terms of n, q as
E =
1
2Mr2
[q(q + n+ 2) + n] (31)
The index q plays the role of the Landau level index. The LLL has energy n/(2Mr2). States
with q > 0 are separated from the ground state by a finite energy gap if n scales like r2 as
r →∞.
The U(1) gauge field can be written as
A = i
2n√
3
Tr
(
t8g−1dg
)
(32)
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Here g is an element of SU(3). Evidently, under g → gh, h ∈ U(2), we have A → A −
d(nθ8/
√
3). Thus dA is well defined as a covariant vector or one-form on CP 2 eventhough
A itself is defined only on SU(3). Since Tr(g−1dg) = 0, we can evaluate the trace and write
A = −i n u∗αduα (33)
where we define uα as the element gα3. It is easily seen that u
∗
αuα = 1 and we can parametrize
it as
uα =
1√
1 + z¯ · z

 1z1
z2

 (34)
The field strength corresponding to this potential is
F = −i n du∗αduα
= −in
[
dz¯i dzi
(1 + z¯ · z) −
dz¯ · z z¯ · dz
(1 + z¯ · z)2
]
(35)
The field strength is proportional to the Ka¨hler two-form onCP 2; it corresponds to a uniform
magnetic field. CP 2 has a noncontractible two-surface and the integral of F over this surface
must be quantized following arguments similar to the Dirac quantization requirement for
uniform magnetic field on a two-dimensional sphere. This requires that n in (35) be an
integer, which we have already assumed in calculating the energies. The large r limit can be
obtained by writing zi = (xi + ixi+2)/r, i = 1, 2. The magnetic field B may be defined as
n = 2Br2 as in the two-sphere case. The scaling of n as r2 is thus natural from this point of
view as well.
The dimension of the (p, q)-representation expresses the degeneracy at each Landau level
q and this is given by
dim(p, q) =
(p+ 1) (q + 1) (p+ q + 2)
2
(36)
We now consider the many-body fermion problem, where all the states of the LLL level are
filled and the filling fraction is ν = 1. In this case p = n, q = 0 , N = (n + 1)(n + 2)/2. In
the thermodynamic limit where r →∞, N →∞, the density of particles is
ρ =
N
8π2r4
→ n
2
16π2r4
=
(
B
2π
)2
= finite (37)
where we have used the fact that vol(CP 2) = 8π2r4. Unlike the case of the many-body
problem on S4 discussed by Hu and Zhang, this result shows that on CP 2 with a U(1)
background field the particle density is finite in the thermodynamic limit without the need
of introducing infinite internal degrees of freedom.
We have seen that the potential A has the property
A(geit
8θ) = A− d
(
nθ√
3
)
(38)
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The wavefunctions must therefore obey the requirement
Ψ(geit
8θ) = Ψ(g) exp
(
−inθ/
√
3
)
(39)
For the lowest Landau level the wavefunction is therefore given by
ΨA ∼ gi13gi23 · · · gin3
∼ ui1ui2 · · ·uin (40)
Using these one-particle wavefunctions, one can construct the Slater determinant for the
fully occupied (ν = 1) state with N = 1
2
(n + 1)(n + 2) particles. Equations (20) and (22)
hold for this case as well, with the one-particle wavefunction ΨA as given above in equation
(40). The analogue of the two-point density correlation in (23) is also easily calculated.
∫
dµ(3, 4, · · · , N) Ψ∗NΨN ∼ 1 −
[
(1 + z¯(1) · z(2))(1 + z¯(2) · z(1))
(1 + z¯(1) · z(1))(1 + z¯(2) · z(2))
]n
≈ 1 − exp
[
−2B|~x(1) − ~x(2)|2
]
(41)
This may again be taken as the expression of incompressibility. Further, in the Slater
determinant, the SU(3) indices of the uα are all contracted and hence it is invariant under
the left action of SU(3) which are the magnetic translations. This leads to uniform density
for states of the form [ΨN ]
(2l+1).
In the case of CP 2 one can also have a background SU(2) gauge field. In the presence of
both U(1) and SU(2) background gauge fields, the group theoretical analysis of the single
particle eigenstates and the corresponding energies is somewhat modified. We now label the
irreducible representations of SU(3)R by (p+ k, q + k
′), corresponding to the tensor
T
α1...αqγ1...γk′
β1...βpδ1...δk
≡ T q,k′p,k (42)
where p, q indicate U(1) indices and k, k′ indicate SU(2) indices.
The wavefunctions are of the form
Ψ(g) ∼ D(p+k,q+k′)L,L3,YL;R,R3,YR(g) (43)
They carry nontrivial U(1)R charge and isospin SU(2)R as specified by (42). This can be
expressed as (we have assumed that k > k′)
R =
k − k′
2
, ...,
k + k′
2
(44)
R8 =
√
3
2
YR =
1
2
√
3
[−2(p− q) + (k − k′)] = − n√
3
(45)
where n is the U(1) charge. According to our previous discussion n has to be an integer,
which implies that the isospin R takes integer values.
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The energy eigenvalues of a charged particle on CP 2, in the presence of both U(1) and
SU(2) background fields are
2Mr2E = C2(p+ k, q + k
′)−R28 − R(R + 1)
= q2 + q(2k −m+ n + 2) + n(k + 1) + k2 + 2k +m2
−m(k + 1)− R(R + 1) (46)
where k′ = k − 2m and n is the U(1) charge given by (45).
For a fixed isospin R, there correspond several SU(3) representations with SU(2) indices
k, k′ such that
k − k′
2
≤ R ≤ k + k
′
2
(47)
We notice that if l of the upper k′ indices are contracted with l of the lower k indices in (42),
this corresponds to an SU(3) representation with increased U(1) indices p, q in the following
way
T q,k
′
p,k → T q+l,k
′−l
p+l,k−l (48)
This is because of the tracelessness of T q,k
′
p,k . A state with increased q indicates a higher
Landau level state with increased energy. Thus if we can form the same value ofR from (k, k′)
and (k− l, k′− l), the latter will have higher energy. The nonmaximal values of R which one
can form for a given choice of (k, k′), namely the values 1
2
(k−k′), 1
2
(k−k′)+1, · · · , 1
2
(k+k′)−1,
correspond to the higher Landau levels of a background with lower (k, k′)-values. The lowest
energy occurs when R corresponds to the maximal value we can get for a given (k, k′). For
this case, we can write
R =
k + k′
2
= k −m m = 0, 1, ..., k
2
(49)
Substituting this in (46) we can express the energy eigenvalues in terms of q, n, R and m.
2Mr2E = q2 + q(2R + n+m+ 2) + n(R +m+ 1) + (R +m)(m+ 1) (50)
The lowest energy eigenstates for fixed n, R (fixed background fields) correspond to q =
0, m = 0. This is the analogue of the LLL condition. In general, we have two quantum
numbers q and m which specify the Landau level.
In order to determine how n, R should scale in the thermodynamic limit r →∞ so that
all the eigenvalues have finite energies and the energy gap between different Landau levels
remains finite, we study two cases.
A) Pure SU(2) background: n = 0, R 6= 0
In order to have finite energy eigenvalues, R should scale in the thermodynamic limit as
R ∼ r2, upto a dimensional parameter. The number of states for the LLL is dim(k, k) =
dim(R,R) = 1
2
(R + 1)(R + 1)(2R+ 2). The corresponding spatial density is
ρ ∼ dim(R,R)
(2R + 1)r4
→ R
3
2Rr4
→ finite (51)
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This case is very similar to the case analyzed by Hu and Zhang. Finite density is achieved
by attaching infinite SU(2) degrees of freedom to each particle.
B) Combined U(1) and SU(2) backgrounds: n 6= 0, R 6= 0
In this case we can choose either n or R to scale like r2. In particular we can choose n ∼ r2
while R remains finite as r → ∞. The number of states for the LLL is dim(R + n,R) =
1
2
(n +R + 1)(R + 1)(n+ 2R + 1). The corresponding spatial density is
ρ ∼ dim(R + n,R)
(2R + 1)r4
→ n
2
4r4
→ finite (52)
The density is finite while each particle has only finite degrees of freedom. R = 0 corresponds
to a purely U(1) background.
We close this section by giving the explicit formula for the SU(2) background field. The
generators of SU(3), namely ta, a = 1, 2, · · · , 8, can be grouped into the generators of SU(2)
given by t1, t2, t3, the U(1) generator t8 and the coset directions tα, α = 4, 5, 6, 7. These
matrices obey the commutation rules [ta, tb] = ifabctc, with structure constants fabc. As
we have mentioned before, CP 2 is a curved manifold of nontrivial topology, and the metric
tensor on CP 2 can be written as gij = e
α
i e
α
j , where the tangent frame fields e
α
i are given by
eαi = 2 i Tr(t
αg−1∂ig) (53)
We choose the background SU(2) gauge field as
Ai = 2 i Tr(tig−1dg)
F ikl = −
1
2
f iαβ
(
eαke
β
l − eαl eβk
)
(54)
In terms of the frame fields eαi , the field strength tensor has constant components, given by
f iαβ; so (54) is what qualifies as a constant field for CP 2. In coupling this to particles, we
use the SU(2) matrices in the representation corresponding to the Casimir R(R + 1). R
plays the role of the combination eB. In this language the U(1) field strength tensor (35) is
given, upto the overall factor of n, as
F 8kl = −
1
2
f 8αβ
(
eαke
β
l − eαl eβk
)
(55)
The Riemann curvature tensor of CP 2 can be calculated as
Rαβkl = −F ikl f iαβ − F 8kl f 8αβ (56)
The chosen values of the background field are proportional to the components of the curvature
tensor as well.
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4. Generalization to CP k
We now consider the question of generalizing the QHE to higher even dimensions 2k, by
considering charged particles moving on CP k in the presence of a background U(1) gauge
field. Since
CP k =
SU(k + 1)
U(k)
∼ SU(k + 1)
U(1)× SU(k) (57)
the wavefunctions in the presence of a background U(1) magnetic field can be constructed
using the SU(k + 1) Wigner functions D(p,q)L,R (g) where g is an SU(k + 1) group element.
Here L,R stand for two sets of quantum numbers specifying the eigenvalues of the diagonal
generators for left and right SU(k) actions on g respectively. The wavefunctions should be
singlets under the subgroup SU(k) and carry U(1) charges as specified by the background
field. Because of this, we must consider irreducible representations of SU(k+1) which contain
SU(k) singlets. Such representations can be labelled by two integers (p, q), corresponding to
a tensor of the form T
α1α2···αq
β1β2···βp
which is symmetric in all upper indices, symmetric in all lower
indices and traceless for any contraction between upper and lower indices as before, where
now α, β = 1, .., k + 1. Li, Ri, i = 1, .., k
2 − 1 are the left, right SU(k) generators. The
fact that the wavefunctions are singlets under SU(k)R and carry a nontrivial U(1)R charge
is expressed as
Ri = 0, i = 1, .., k
2 − 1
Rk2+2k = −
√
k
2(k + 1)
(p− q)
= −
√
k
2(k + 1)
n (58)
In other words, we may write the wavefunctions as
Ψ ∼ D(p,q)L,R (g) (59)
where indices R are given by (58).
The remaining 2k generators RA, A = k2, k2 + 1, · · · , (k2 + 2k − 1), play the role of
derivative operators. The Hamiltonian is written in terms of them as
H =
1
2Mr2
k2+2k−1∑
A=k2
R2A =
1
2Mr2

k2+2k∑
i=1
R2i − R2k2+2k


=
1
2Mr2
[
C2(p, q)− k
2(k + 1)
n2
]
(60)
The quadratic Casimir of the (p, q) representation is
C2(p, q) =
k
2(k + 1)
[p(p+ k + 1) + q(q + k + 1)] +
pq
k + 1
(61)
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The wavefunctions (59) are eigenfunctions of this Hamiltonian with the energy eigenvalues
E =
1
2Mr2
[
q(q + n + k) + 1
2
nk
]
(62)
The index q labels the Landau levels. The LLL has energy
E =
n
2Mr2
k
2
∼ k
2
B (63)
The left action of the generators commute with the right action and the Hamiltonian.
The left generators are, once again, the magnetic translations and lead to the degeneracy of
the Landau levels. The degeneracy for the q-th Landau level is given by the dimension of
the (p, q)-representation as
dim(p, q) =
k(p+ q + k)(k + p− 1)!(k + q − 1)!
(k!)2p!q!
(64)
For the LLL we find
dim(n, 0) =
(n+ k)!
k!n!
(65)
The completely filled LLL, ν = 1, contains N fermions where N = dim(n, 0). In the
thermodynamic limit r → ∞, n → ∞, this corresponds to a configuration of constant
density
ρ ∼ N
r2k
→ n
k
k!r2k
∼ Bk (66)
The particular case of CP 3 is worth commenting on. CP 3 can be viewed as SU(4)/U(3)
or as SO(5)/U(2), as noted recently in [6]. (Gauge potentials on this coset space and related
properties have also been analyzed recently in [7].) It is also well known that CP 3 is locally
of the form S4 × S2. It is in fact a nontrivial bundle over S4 with S2 as the fiber. This is
the projective twistor space of Penrose [8]. Therefore we can expect that the Hu and Zhang
results for S4 can be obtained from our discussion by considering CP 3 and interpreting a
part of it, namely S2, as an internal symmetry. The U(1) background, combined with this
S2 will give the SU(2) background used in [1]. In comparing our formulae for CP 3 with [1],
we must recall that an S2 has to be factored out to get to S4. From our discussion in section
2, we notice that the zero-point energy corresponding to S2 is (1/2Mr2) n/2. Removing
this, equation (62) becomes, for the case of CP 3,
E =
1
2Mr2
[q(q + n+ 3) + n] (67)
This agrees with [1].
It is also possible to choose background fields which are in the Lie algebra of SU(k) (or
subalgebras thereof). In this case, we do not expect any qualitative changes in the main
results compared to the analysis of CP 2.
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5. Summary and comments
We studied the Landau problem of nonrelativistic charged particles moving on even
dimensional spaces CP k in the presence of a U(1) background gauge field and the corre-
sponding lowest Landau level QHE states. The number of states per unit volume of CP k, in
other words the spatial density of states, is finite as the volume of CP k is scaled to infinity.
In the case of CP 2 we have also considered SU(2) background gauge fields. With combined
U(1) and SU(2) backgrounds, it is possible to choose the particles to be in a fixed finite
dimensional representation of SU(2) and obtain finite spatial density of states as the volume
is scaled to infinity. Thus it is possible to construct quantum Hall states of fixed uniform
density. For a quantum Hall droplet on a space of the form G/H , the edge states must
transform as a representation of the isotropy group H . Our analysis for CP 2 thus shows
that it is possible to obtain edge states of finite dimension (or finite number of polarization
states), transforming as any chosen representation of H = U(2), in the large volume limit.
A more detailed study of these edge states is definitely of interest.
Finally we note that it is possible and interesting to extend this kind of analysis to the
noncommutative versions of these spaces utilising the framework of [9, 10, 11].
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